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I am honoured and grateful to be able to speak
at this conference in honour of my colleague
and friend Michel Broué, and am sorry I can
not be there in person, since I would have
liked to be able to return to China for this
occasion. I first met Michel Broué in 1981
in Chicago. I have learned much from Michel
Broué over the decades (including the fact that
I first heard about subgroups complexes from
Michel in 1981, when he spoke about some
work of S. Bouc!).



We first state Alperin’s weight conjecture and
its blockwise refinement (after choosing a p-
modular system (R,K,[F).

Alperin’s Weight Conjecture: We have

U(G) = ) fo(Ng(Q)/Q).
QeQ

Blockwise Refinement: For each block B of
RG, we have

((B) = ) fo(B(Q)).
QReQ

Here, /(G) is the number of simple modules for
G and ¢(B) is the number of simple modules in
the block B. Here () runs over p-subgroups of
G up to conjugacy, fo(G) is the number of pro-
jective simple FG-modules, and fo(B(Q)) de-
notes the number of projective simple FN4(Q)/Q-
modules which lie in Brauer correspondents of
B for N(Q).



Definition: The Truncated Conjugation Mod-
ule for G is the RG-module, denoted by T, g,
which is the lift to RG-module of the pro-
jective FG-module &gHomg(S, P(S)), where S
runs over the isomorphism types of simple FG-
modules.

The projective RG-module T, ,,  affords a char-
acter A, , ¢, which vanishes on all p-singular el-
ements of G, and takes value |Cg(z)| at each
p-regular =z € G.

Note that the projective cover of the trivial
RG-module occurs with multiplicity ¢(G) as a
summand of T.,



There are blockwise versions T., g and A., B
of these, and

/\c,p,B(x) — Z |X(37)|2

x€lrr(B)
for all p-regular x € GG, while

</\c,p,Ba 1) = ((B).

The Lefschetz conjugation module Lq.(B) is
the element

Y (-1)lndé (Bo)
ceSp(G)/G
of the Green ring of RG. The individual terms
Bs are not in general projective modules, but
L-(B) is a virtual projective. We also have

Le(B)y= Y (~1)lndg (T, 5,)
ceSp(G)/G

in the Green ring, and the individual terms
T¢p,B, are projective modules.



“Mobius inversion” (asin KR89, but with mod-
ules instead of integers) gives a (non-conjectural)
identity:

Tepz= > Ind§_oy/0 (PILLB@N]),
QeQ

where P[X] denotes the (virtual) projective cover
of X as RNg(Q)-module when X is a virtual
projective RN4(Q)/Q-module.

Hence the number of “fixed-points” on L.(B(Q))
should be the number of block of defect zero
summands of B(Q) for each (). This gives a
Green ring formulation of AWC, and I regard
this as a “representation-theoretic’” formula for

T.p.B (and hence for T., ).



The module Tc,p’g also has a “group-theoretic”
description: we have

— G
yGGp//G
where Pl’p,G IS the unique virtual projective

RG-module whose virtual character Wq ,  takes
value |Gp N Cq(z)| for each p-regular z € G. A
key property of P, is that it contains the
projective cover of the trivial module with mul-
tiplicity one.

The virtual module Py, ¢ (Which we conjecture
is always a genuine projective module) may be
expressed in terms of the Steinberg module Sty
as defined in the Green ring by P.J. Webb:

We have (for all finite groups G),

Pipa= . Ind§ oy (PISty(Na(Q)/QD),
QeQ



where

Sty(X) = > (~D"Ind%_(R).
ceSp(X)/X
Here, S,(X) is the p-subgroup complex of X
and ifo=0Q1 <Qr<...<Qr, then |o| = 1.

Summary: Suppose that Op(G) = 1. Then for
each block B, the virtual module T, , p—Lc(B)
is determined by strictly p-local information.
Also P; , o —Stp(G) is determined by strictly p-
local information. Furthermore, T, , pg is the
sum of the modules induced from Py , & () as
y runs over p-regular conjugacy class represen-
tatives.

Furthermore, Alperin’s weight conjecture is equiv-
alent to proving that the multiplicity of the
projective cover of the trivial module in L.(B)

is one if B has defect zero, and is zero if B has
positive defect.



Virtual modules in action: The case p =2
and G = SL(2,2")

We consider this case for the purposes of il-
lustration, to show that the theory for the
general group G fits well here with the usual
Lie-theoretic methodology. We explicitly de-
termine the module T., &, virtual modules

G
Po2,¢ =IndG G ) (P12,00(2)):
and (for each block B of RG), L.(B).

Let 0 : F — F be the Frobenius automorphism
of F with fo = f2. Let S denote the (self-dual)
natural module for G, realized over the field
Fon C .

Let I ={0,1,2,...,n—1}. For each non-empty
subset J of I, let

S;=®;e5%,
and let S@ denote the trivial module F. Then

each Sj is simple, since S; = St is simple. For
each subset J of I, denote I\ J by J'.



The projective cover of Sy is Ind%r(lﬁ‘), where
T, is a non-split torus of G of order 2" + 1,
and for each non-empty proper subset J of I,
the projective cover of S; is Sy ® St.

We have

S;® P(Sy) =St® St

for each non-empty subset J of I. We note
also that P(F) is a summand of St ® St, and
we see that

St ® St 2 P(F) & St.

Lifting to projective RG-modules, we have

Teoq=2"P(R)® (2" — 1)St

in the Green ring (with obvious abuse of nota-
tion).
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We recall that

TC,Q,G — Z Px,Q,G-

If x is a non-identity element of the non-split
torus Ty of order 2" 4 1, then we have

P12 0oz =1
and Cg(z) &2 Ty. There are 2”1 conjugacy
classes of such elements z, and we obtain P, > ¢ =
P(R) for each such z.

If T is a split torus of G of order 2™ — 1 and
y IS a non-identity element of 1T, then since
there are 2n—1 1 conjugacy classes of such y,
each with Py 5 o,y = 1t, we Tind that

P,>c = P(R) @ 2St.
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T his vields

Pl,Q,G — P(R) —|— St.

We now have P, > ¢ — P » ¢ = St for each non-
identity y € T_ and Py » ¢— P, > ¢ = St for each
non-identity x &€ Ty .

Let us examine the Lefschetz conjugation mod-
ule L(RG). Here, the blocks of RG are the
principal block B and the block Bs containing
the Steinberg module St

Recall that we have

Tepz= 2 Ind§ (o) (PIL(B@)D),
Q/G

but here, we only need to consider Q =1 and
Q =U € Syl»(G).
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We know that L.(B) is a virtual projective, and
as Nqo(U)/U is a cyclic group of order 2™ — 1,
we see that L.(B(U)) is just the direct sum
of 2" — 1 copies of the trivial module R (for
B(U) = RN (U)/U in this case). The projec-
tive cover of the trivial module of Ng(U) is
equal to Indg_G(U)(R).

We saw earlier that

Ind% (R) = 25t 4+ P(R).

Hence our formula simplifies in the Green ring
to

Te2,8 = [B—Indy_ ) (RNG(U))]

+(2" = 1)[25t + P(R)].
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Our module formula above now simplifies (af-
ter some rearrangement) in the Green ring to

B+ 2"St = Ind%G(U(RNG(U)).
Hence in the Green ring for RG, we have
L(B) = —2"St
and
L:(RG) = P(R) — (2" — 1)St.

Note in particular that £.(B) contains the pro-
jective cover of the trivial module with multi-
plicity zero, and that

Lo(Bs) = St ® St = P(R) + St.
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